Abstract-In this paper, we consider network coded (NCed) Hybrid-ARQ (HARQ) for multiple unicast flows. The main contribution of the paper is the derivation of throughput expressions for NCed HARQ with arbitrary number of users in identical i.i.d. channels amid packets for all users. We apply the result to Rayleigh fading channels and two packet combining schemes: incremental redundancy (IR) and chase combining (CC). We verify the analytical results with simulations and observe substantial SNR improvements over NCed ARQ and HARQ. The SNR gains in the moderate/high and low throughput regimes are mainly due to network coding and packet combining, respectively. For low/moderate SNRs, NCed HARQ with IR surpasses the CC performance. In addition, we introduce a novel re-transmission strategy that makes the network coding more efficient at low SNR.
I. INTRODUCTION
A S the number of radio devices, the communication usage per device, and new high data rate services continue to increase, the need for new wireless transmission protocols enabling higher throughput continues to grow. In this paper, we therefore consider Network Coding (NC) [1] that could play a role in such scenarios to enhance the throughput of future wireless systems.
Originally, NC was only considered for fixed reliable wired links, but was soon found to be useful for unreliable [2] , but also noisy wireless channels [3] . As is evident from a recent surge of work, such as [7] - [20] , there exist a good opportunity for throughput enhancements of wireless systems by combining NC with a transmission protocol like Automatic Repeat reQuest(ARQ).
In a basic ARQ system, the receiver returns Acknowledgments (ACKs), (and/or Negative-ACKs), to the sender to indicate the success (failure) of the transmission and packets are then retransmitted until successfully decoded. The basic ARQ approach may be enhanced by using NC, through combining the retransmissions to several users in a single resource block rather than individual retransmissions. Interestingly, in 1984, before the term NC was coined, Metzner proposed several NClike approaches for multicast 1 ARQ [4] . In Metzner's "scheme C" he suggests sending different linear XOR combinations of packets until all users have correctly decoded a sufficient amount for extracting all packets. A random coding approach based on XORing of packets, was also suggested. Furthermore, in 1993, Jolfai et al. also proposed the idea of using XORed packets for wireless multicast ARQ [5] , and let the ACK feedback direct the selection of packets to XOR, an idea which was further explored in [6] . Since then, works like [7] - [10] have also studied NCed multicast ARQ. In [9] and [10] , it was shown that the field size for NCed Multicast ARQ must be made large enough, i.e. equal to the number of users, to attain the optimal throughput in a block erasure channel, and [10] also extended earlier work to include the minimization of queuing delays. The idea of using NC based feedback for unicast ARQ with multiple data flows (NCed unicast ARQ for short), has been considered in [11] [12] . It was shown that in a block erasure channel, the throughput efficiency asymptotically (in the number of users) approached one. By multiple data flows, we here mean that the sender has different packets intended for different users. The NC strategies for multicast-and unicast-ARQ may at first glance appear to be the same. However, the latter requires a different and more directed coding strategy to provide performance gains. Specifically, NCed unicast ARQ strives to project other user's interfering data packets into a common subspace, orthogonal to each user subspace. This projection philosophy is the same as the recent idea of interference alignment [13] , but the former operate in the code rather than the Euclidean space. Note that in this paper we focus on the unicast case only. Further, [14] is a subsequent, but non-ARQ related, work on NC for unicast with feedback.
For wireless channels, the throughput of regular ARQ can be improved by combining new and previously received information, in so called Hybrid-ARQ (HARQ). In particular, we are here only interested in soft packet combining, due to its superior performance over hard decision decoding and wide adoption in cellular systems. HARQ with soft packet combining (henceforth just referred to as HARQ) may be divided into two categories: i) Chase combining HARQ (CC-HARQ) 1 In multicast ARQ, the same information is intended for all users. [15] [16] that repeats the same packet at retransmissions and performs optimal coherent combining, ii) Incremental redundancy HARQ (IR-HARQ) [17] where retransmissions include additional parity information that allows a joint decoding of previously transmitted packets 2 . A natural extension to NCed ARQ is then NCed HARQ. In [18] , the authors analyzed and simulated NCed CC-HARQ for multicast traffic. In [19] , a Reed-Solomon coding based NCed HARQ scheme with hard decision decoding for multiple unicast flows was examined. A NCed HARQ scheme for multiple unicast flows was studied through simulations in [20] , where a 2 dB Signal to Noise Ratio (SNR) gain over separate network and channel code was reported.
In this paper, we consider NCed HARQ with soft combining for multiple unicast flows. The main contributions of the paper are: i) the derivation of a general throughput expression for NCed HARQ with soft packet combining by using an information theoretic approach, ii) the application of this result to NCed CC-and IR-HARQ in block Rayleigh fading channels with some analytical closed form results for the CC-case, iii) the proposal and evaluation of an entirely new transmission strategy for NCed (H)ARQ (i.e. both ARQ and HARQ) with improved throughput performance, in Section IV. The key analytical results are (10), (12) , (13) , (20) , (23) , (24) and (25) , and all results are verified with independent Monte Carlo simulations. Further, the throughput performance given here exceeds the corresponding ones reported in [19] and [20] .
The main findings of this paper are: i) NCed HARQ performance increases, in the mid-to-high throughput range, with an increasing number of users, ii) for low SNRs, the gains over basic HARQ are modest, yet out-competing regular and NCed ARQ, iii) NCed IR-HARQ has significantly better performance than NCed CC-HARQ for low SNRs, and iv) multiple transmission of regular packets prior to NC improves throughput at low SNRs.
This paper extends our work in [22] by introducing a new and more efficient NC-(H)ARQ approach in Section IV. We also derive a new, compact and optimal throughput expression for NCed HARQ with two users, and a simplified throughput expression for NCed CC-HARQ for arbitrary number of users. We further propose a new strategy, in Section V, to limit the scheduling complexity and we evaluate its effect on throughput. Lastly, in the Appendix we present the proofs of 2 Note that we will in this paper adopt the convention used in wireless cellular systems that HARQ use combining with previously received transmissions, whereas regular ARQ does not. In this paper, HARQ will always include soft packet combining. Furthermore, in this convention, both HARQ and ARQ use forward error correcting codes on the physical layer. the analytical results given in Section III.
II. NETWORK CODED HARQ
We consider a NCed HARQ system with one sender and M receivers as illustrated by Fig. 1 , where the users are interested of receiving mutually exclusive sets of data. We will first introduce the coding/decoding procedure for IR-HARQ and CC-HARQ. Then, we will illustrate the two-user example, signaling, energy consumption and complexity aspects of our procedure.
A. Encoding and Scheduling
We have two types of packets, regular packets (RPs) and network coded packets (NCPs). An RP is transmitted in the form of a capacity achieving incremental redundancy code block (IR-block). The encoding of an RP into an IR-block uses different coding for each transmission. The encoding is assumed invertible, i.e. the RP can be decoded from a single IR-block, and multiple IR-blocks can be code-combined for enhanced performance. An NCP has the same properties, but is composed of IR-blocks from several RPs. We further assume a network code with the property that a user, when knowing an NCP's all but one packets and hence corresponding IR-blocks, can fully exploit the information contained in the unknown IR-block. For CC-HARQ, the same encoding is used for each CC-block, rather than generating new parity bits.
In our proposed scheme, an RP is always sent individually first, i.e. before it may be part of an NCP. The RP may be a part of an NCP only if it has been correctly decoded by one or more unintended users, but not its intended one. To form an NCP, we first select a group of m+1 users where the users have previously correctly decoded m RPs, i.e. one for every other user but not its own. Then, the m + 1 corresponding IR-or CC-block are composed into an NCP. With such NCP design, for equal decoding success probabilities, m + 1 users and each knowing the other users packets but not their own, one delivers on average m + 1 times more packets per time unit when sending such NCPs than when sending plain RPs to a single user. Hence, it takes on average (m + 1) −1 times less number of transmissions for each packet, see also [11] .
B. Decoding
When receiving and decoding any own or other users RPs, each user uses code combining of IR-blocks for IR-HARQ, or maximum ratio combining of CC-blocks for CC-HARQ. Any correctly decoded own packet is forwarded to the next higher layer. Overheard, i.e. also correctly decoded, packets are stored and later used for decoding the NCPs. When a user receives a designated NCP, the user has exact knowledge about all packets contained in the NCP apart from its own. Hence, all information carried by the NCP is related to one own's data only. The user extracts its own information from the NCP using the relevant correctly decoded data of other users as well as previously received, but not yet correctly decoded, RPs and NCPs.
C. A Two-User Case
In Fig. 2 , we illustrate the encoding/decoding procedure for the case of two users. Let C (i) m (j) denote the i th code block for a packet with sequence number j for user m, and the operation ⊕ symbolically indicate a network coding operation of packets. First, an RP that is aimed for the first user is sent until any of the two users decodes it, which happens to be the second user here. Then, a second user's RP is sent and it is here correctly decoded by the first user. As both users know each other's RP, and can derive the associated code blocks, each user can extract its own code blocks in one or more subsequent NCPs carrying the right information and then combine them with the previously received but not yet correctly decoded own code blocks.
D. Signaling
To facilitate the combining and decoding of NCPs, a user is informed, e.g. in a robustly encoded packet header, which packets are sent and the code block number. When a packet has been correctly decoded the user sends an ACK to the sender. The sender then manages queues based on the received ACKs and uses this knowledge for NC future transmissions. Further, when packets are outdated, or are no longer useful for NC, the sender may inform the users to discard overheard packets, or each user discards such packets after a timer expires.
E. Energy Consumption Aspects
A rightful concern is the energy use for the overhearing of other user's data, the additional signal processing needed, and the feedback. Regarding overhearing packets, as mainly the user on-time affects the energy use, this can be eased by exploiting OFDMA. A user then only overhears other user's RPs when receiving its own RPs and NCPs. By always scheduling and NC for a set of users, a user's on-time does not need to be increased. In fact, due to the improved throughput, a user's on-time and corresponding energy use is reduced. While the extra ACK needs some extra energy, this is negligible to the energy use of e.g. cellular system base-stations.
F. Complexity and Overhead Aspects
In [13] , the authors considered various aspects of complexity and overhead for NCed ARQ, such as network en-/decoding complexity, feedback and overhead for signaling packet encoding. It was shown that less than two XOR operations per packet is needed and the mean number of coding coefficients is approximately less than log 2 (M ) − 1 for M users. For feedback of ACKs, we assume that uplink resources exist, due to up-and downlink traffic asymmetry and the use of compactly encoded ACKs. The NC scheduling complexity (SC) is addressed later in this paper.
III. THROUGHPUT ANALYSIS
In this section, we derive a general throughput expression for NCed HARQ (M ≥ 2). For comparison purpose, we also consider regular ARQ, HARQ (M = 1) 3 , and NCed ARQ. The general throughput expression is applied on NCed CC-HARQ, and in part on NCed IR-HARQ.
Our analysis is valid under the following idealized assumptions: full transmit buffers, equal amount of data and transmit durations per packet, capacity achieving codes, identical i.i.d. block fading channels amid all packets and all users 4 , perfect channel state information at the users, no overhead, delayand error-free feedback. We also assume that a large number of packets are sent to allow a statistical modeling of the probability that users decode packets.
We adopt a mutual information based approach for analyzing the retransmission protocol. This approach is used for classical HARQ (without NC) in [21] . Let the target rate per packet, which is identical for all users due to the channel symmetry, be denoted R and assumed given. In practice R = b/Bt in [nats/Hz/s], where b is the amount of uncoded information per packet, B is the bandwidth, and t is the per packet transmit duration. Let S M be the average number of transmissions per packet for successful decoding given M users. The throughput is then
A. Network Coded HARQ
To make our analysis tractable we first assume a two-phase protocol, as suggested and proven useful in [11] . During the first phase, the base-station sends regular packets RPs. Each user respond with an ACK for each successfully decoded packet. Phase one ends when each packet is successfully decoded by any user (intended or unintended). If the packet is successfully decoded by the intended user, it is forwarded to higher layer. If the packet is successfully decoded by unintended users, it is saved for the second phase. During the second phase, based on the received ACKs, the base-station transmits NCPs. Note that the packets can be sent in any order in each phase. We want to emphasize that the division of the transmission time into two phases, instead of one, does not affect the throughput values, but eases the mathematical derivation and the intuitive understanding. Due to the twophases, S M is written
where S M is the average number of transmitted packets for successful decoding by any user and S M is the average number of transmitted packets needed for successful decoding in the second phase. Each of the expected number of transmissions in equation (2) depends on the probability that users decode the packet. As in [21] , we denote I u,k as the mutual information at the decoder of user u after the k-th transmission. Because of the symmetry of the channels with respect to any user, we will omit the user subscript u and use I k in the sequel. We define the event A k {I k > R} and the probability Q k that the random sequence I 1 , I 2 , . . . , I k of mutual information at the user decoder did not cross the level R at the k-th step,
In the first phase, a packet is retransmitted until it is correctly decoded by at least one of the M users. The average number of transmission per packet is then
where
M , due to independence of decoding probabilities among users, is the probability of unsuccessful decoding of the packet at step k by all users. Later, we will show that Q k can be expressed as function of the channel statistics. Please note that S M has been previously derived for regular HARQ (i.e. M = 1) in [21] .
The rest of the section is dedicated to the determination of S M . To do so, we first derive the probability that a packet is correctly decoded by exactly m unintended users in the first phase. Then, we evaluate the number of transmissions needed to deliver this packet to its intended user. If a packet is successfully decoded by exactly m users, m ∈ {1, . . . , M −1}, during the first phase, then the probability that a packet is correctly decoded by the intended user is m/M . The probability of that packets remaining for the second phase is
We define the probability Q k that the mutual information did not cross the level R given the previous mutual information
We consider three retransmission schemes: CC-and IR-HARQ, as described in Section I-B, and basic ARQ. The basic ARQ takes into account only the most recently received signal burst. CC-HARQ performs optimal coherent combining of all retransmissions, hence the receiver accumulates SNR. In IR-HARQ, the mutual information is the sum of all previous received mutual information terms corresponding to a given packet. For all three schemes we have:
The probability that a packet is correctly decoded in the first phase at the j th transmissions, j = {1, . . . , ∞} by exactly m users is then
Given that a packet was correctly decoded by exactly m users at the j th transmission in the first phase, how many NCP transmissions are needed to deliver this packet to its intended user? This is given by the expectation of the required number of remaining transmissions
where we account for the past failures in the first phase with the offset index j. The denominator m+1 accounts for the fact that NCPs deliver m + 1 times packets than that of RPs. By combining (4), (6) and (7) and summing over their indexes, we get (see appendix) the mean number of transmissions per packet for the second phase as
where the last expression comes from the summation over all m. We then use (5) to get
The exact throughput expressed in the decoding failure probability Q j is subsequently found by inserting (3) and (9) in (2) and then in (1), yielding
It is in general hard to simplify (9) and (10), but for M = 2 we show in appendix that
Inserting (3), for M = 2, and (11) in (2) and then in (1) gives the exact two-user throughput
Note that (12) , and most likely (10), can not be put in a closed form unless the form of Q k , depending on fading and modulation model, and CC or IR assumptions, allows for it. We now derive a throughput approximation for large number of users and the upper SNR range. We first note that for the first sum in (9) that then yields
. As
This approximation (13) is found to be quite exact for the medium to high throughput range, i.e. the region where we see the main gain of NC. Further, we see that throughput improves monotonically with increasing M and that lim M→∞ T M = R. The intuition behind (13) is: i) For phase one, one transmission at moderate to high SNRs suffice, as any of the M users may successfully decode the RP. ii) For phase two, a user basically needs to successfully decode a packet. This takes on average ∞ k=1 Q k transmissions where we account for the earlier transmission in phase one (by using start index k = 1 instead of k = 0). Then, due to the central limit theorem, when M is large, the expected number of users to that an NCP is sent to is M P 1 . Hence, roughly ∞ k=1 Q k /M P 1 transmissions are needed in phase two.
B. Network Coded CC-HARQ in Rayleigh Fading Channel
In this section, we determine Q k for CC-HARQ. We assume complex valued Gaussian distributed signals, AWGN, and block Rayleigh fading. With the fading modeled by the signal to noise ratio x u , the accumulated mutual information (in [nats/Hz/s]) up to the k th transmission is
With CC-HARQ, the receiver has memory and accumulates the SNR, then all the events A l ⊆ A k for l ≤ k. The decoding failure probability at the k th transmission for a rate R is given by
where z k = k u=1 x u and Θ = e R − 1. For a Rayleigh fading channel, each x u is i.i.d. exponentially distributed with the PDF
where λ is the inverse mean SNR. This makes z k gamma distributed with PDF
The probability that z k is less than the threshold Θ is
where γ(a, b)
is the regularized lower incomplete Gamma function. Henceforth, we use the short hand notation γ k γ(k, λΘ) when we now consider three interesting throughput cases: M = 1 , M = 2 and a large value of M .
1) M=1 user:
For M = 1, we have regular HARQ that does not use NC and hence no second phase. By swapping the order of integration for γ k and the summation, we find (see appendix)
Using (1), we get the single-user CC-HARQ throughput
2) M=2 users: After some derivation (see appendix) using equation (3) we get
where I v is the modified Bessel function of the first kind of order v. Then, using (11) we get
With (21) and (22) in (1), the two-user CC-HARQ throughput for block Rayleigh fading is
Note that, unlike when M > 2, this case is optimal as all overheard information is exploited.
3) Arbitrary number of users: Equation (10) is tricky to simplify for M > 2 in general. For CC-HARQ and Rayleigh fading we can however determine and remove one infinite sum of (10) (see appendix)
4) M users, with M large:
For large M and high SNR, using (20) and P 1 = e −λΘ , (13) yields
(25)
C. Network Coded IR-HARQ in Rayleigh Fading Channel
For IR-HARQ, the receiver accumulates mutual information up to the k th transmission,
Similarly to CC-HARQ all the events A l ⊆ A k for l ≤ k. The decoding failure probability at the k th transmission is given by Q 
The decoding failure probability at the k th transmission can then be calculated from
where p k * y is the k-fold convolution of p y . Due to the integration intervals, it suffice to consider the k-fold convolution of a truncated, rather than infinite, version of p y , where p y = 0 for y > R. We can also assume that the throughput is zero if k is sufficiently large (k > 20 
Those are asymptotically exact when SNR goes to infinity and zero, respectively.
D. Network Coded ARQ
For comparison purpose, we derive the throughput expression for NCed ARQ. Here, the receiver has no memory. It takes into account only the most recently received signal burst. The decoding failure probabilities are then constant, Q i = Q 1 , ∀i and P 1 = 1 − Q 1 . From (3), the mean number of transmissions per packet in the first phase is
Correspondingly in the second phase, we have from (8)
where the two geometric series are calculated in the last step. The throughput is then
where P 1 = e −λ(e R −1) for Rayleigh fading channels. We also note that (32) exceeds the throughput given by (13) in [19] for NCed ARQ, e.g. seen for (A.1) in [19] with M = 2 and equal decoding probabilities. Note that (30) in [19] for NCed HARQ (hard decoding) is also based on (A.1).
IV. ENHANCED NCED ARQ AND HARQ
Our study so far shows that NC improves the throughput in the high throughput regimes, but the low throughput regimes mainly benefit from HARQ over ARQ. Thus, we want to study the prospect of enhancing the NC gain in the low throughput regime, and we propose a new method for this.
A. Basic Idea and Motivating Example
The idea is to setup the system in the first phase, where all users overhear packets, for a more efficient second phase, where NCPs are sent. This is accomplished by retransmitting each packet in the first phase until at least N out of the M users have correctly decoded it.
We now give some intuition and motivate this method for NCed ARQ with small decoding probability P and large number of users M (with M P 1). Thus, we may assume, with high probability that only one user successfully decodes a packet at a time, that the intended user is unlikely to successfully decode its packet if N M , and that the number of users who have not yet correctly decoded a packet are constant during the first phase. The mean number of transmissions per packet in the first phase is then
For phase two, as each packet has been correctly decoded by N unintended users in phase one, the sender picks out N + 1 users and packets, where each intended user is missing its own packet and for which an NCP is formed. The efficiency of such packet is N + 1 times higher than the single user throughput P . The mean number of transmissions per packet for phase two is then
For small P , the throughput can then be approximated as
With (35) is maximized and the corresponding optimal throughput T * M is
Hence, for small P and large M , the throughput is √ M /2 times higher than the traditional ARQ. We next apply this idea of an extended first phase to NCed-ARQ and -HARQ with arbitrary i.i.d. decoding probabilities and study the throughput performances.
B. Enhanced Network Coded ARQ
We now derive the throughput. During the first step of the first phase, each packet is sent until it is correctly decoded by at least one user. Then, the packets that are correctly decoded by just one unintended user are retransmitted until each packet is correctly decoded by at least one other user. Hence, each packet is correctly decoded by at least two users. This is repeated for the correctly decoded packets (by unintended users), until the N user criteria is met. In each step n, where n ∈ {1, ..., N }, we determine the probability Π(m) that a packet is correctly decoded by m users. As the analysis is very intricate for N > 1, we resort to a recursive formulation:
Phase one initialization: We first write the probability Π(m) when n = 1 users, which is
Phase one recursion: Each packet is then resent until each one has been correctly decoded by N users. At the end of the first phase end, we get an updated probability Π(m).
Calculating the throughput: With the probability M−m M of packets successfully decoded by unintended users, and Π(0) = 1, the mean number of transmissions per packet in phase one is
The mean number of transmissions per packet in the second phase is
Inserting S M and S M in (1) and (2), gives the throughput.
C. Enhanced Network Coded HARQ
For NCed HARQ, one must also account for the information received from previous transmissions. Thus, we extend the NCed HARQ model used earlier, and consider the probability Π(m, j) that denotes that packets are correctly decoded by m users after j retransmissions.
Phase one initialization: For the initialization of Π(m, j) we have
where (5) has been used in the last relation, which we will also use for the subsequent expressions. Phase one recursion:
Calculating the throughput: With Π(m, j) determined, i.e. such that at least N user have correctly decoded each packet delivered to an unintended user, we can now calculate the mean number of transmissions per packet in phase one. We can use (8) and modify it, by removing the m+1 denominator that relates to the increased throughput as NC is not used in the first phase, to get the average number of transmissions per packet in the first phase. We find that
The mean number of transmissions per packet in phase two is also found from (8) where we will only send NC for N + 1 users or more. Thus, we have
Again, we calculate the throughput by inserting S M and S M , in (1) and (2).
V. THROUGHPUT AND SCHEDULING COMPLEXITY ASPECTS
If large quantities of RPs are sent in the first phase, one can almost surely with probability one always identify a set of RPs to encode into an NCP. If few packets are sent, one needs to search for suitable sets of RPs for NC. Then, the scheduling complexity could be daunting. With M users, there is in theory 2 M − 1 different ways an NCP could be assembled.
In practice, while considering the complexity per time unit C s , it is limited by various factors. First, only the second phase, not the longer first phase with just RPs, contribute to the C s . Second, some packets are correctly decoded by the intended user in the first phase, and are not retransmitted in any NCP. Also, the complexity per time unit is low at low SNR as it takes many transmissions before any user receives any packet. The complexity per time unit is also low at high SNR since the users mostly decodes their packets directly. In a simulation study of basic NCed HARQ, we find that that for medium link SNR (i.e. the worst case), the mean scheduling complexity per time unit is just C s = 0.2, 7, 90 searches for M = 2, 6, 10 users respectively.
To limit the scheduling complexity, mainly for large M , we upper limit the number of RPs in an NCP to μ. Thus, the denominator m + 1 in (7), (40) and (44) is replaced with min(m + 1, μ). Note that the throughput will not be reduced significantly as the events requiring many RPs in a NCP are rare. Then, there is now only M μ ways an NCP can be assembled. As an example, assume a large M , say M = 64. The number of scheduling combinations is then at most 1.8·10
19 with the standard scheme, but with the proposed one it is at most 6.4 · 10 4 with μ = 4.
VI. PERFORMANCE RESULTS AND DISCUSSION
This section presents both theoretical and simulated throughput results with respect to the mean SNR in block Rayleigh fading channels for NCed ARQ, CC-HARQ and IR-HARQ. When M = 1, this correspond to (H)ARQ with no NC. Both the numerical evaluation and the simulator have been implemented in Matlab. The simulator uses the described two-phase method. We generate i.i.d. mutual information (MI) with relevant PDF for each link and transmission. Users accumulate corresponding MIs, and once the accumulated MI exceeds rate R, a packet is considered correctly decoded. We then count the number of transmissions required and determine the throughput. (H)ARQ is significantly more SNR efficient relative to regular (H)ARQ for high SNR, NCed IR-HARQ becomes superior to NCed CC-HARQ first at higher rates R, and all simulated results agree perfectly with the theoretical curves, which validates our analysis. It is also noted that for large M and large R, NCed IR-HARQ develops a hump like characteristic. The hump at T=3 b/Hz/s in Fig. 4 corresponds to decoding success in the first phase for the second transmission. Subsequent humps, due to more retransmissions in phase one, exist but are successively less discernible. The humps for IR arise due to the nonlinear region of ln(1 + x) at high SNR, where the resulting mutual information PDF becomes fairly compressed and hence localized. mean SNR.
In Fig. 7 , we evaluate and confirm the one-and two-user throughput expressions, (20) and (23), as well as the high-M throughput approximation (13) applied to CC-HARQ (25) .
In Figs. 8 and 9 , we plot the throughput for the enhanced NCed (H)ARQ scheme (i.e. using the extended phase one) and the basic NCed (H)ARQ. Fig. 8 illustrate that for identical and low throughput, the SNR can be reduced with the enhanced NCed ARQ scheme up to 1 dB. The same applies for higher rates R. We note that (36) is a good low throughput approximation at high M of the enhanced scheme. For NCed CC-and IR-HARQ, the optimal number of users decoding the packets in the first phase is N * = 2 when the number of users is very large, otherwise N * = 1 decoding user is optimal. As can be seen in Fig. 9 , the benefit of the enhanced scheme for HARQ is modest (the gain is of order 0.25 dB at most), yet a principally important gain.
In Fig. 10 , we examine the performance degradation due to an upper limit of the number of RPs encoded into an NCP, with μ = {1, 2, 4, . . . , 64}, in order to limit the scheduling complexity. We note that the throughput degradation is minor when just a few RPs can be encoded together.
VII. SUMMARY, CONCLUSIONS AND NEXT STEPS
In this paper, we have studied a network coding soft combining HARQ scheme. The core idea was to exploit collected information from earlier transmit attempts for both own and overheard packets. We studied a scheduling and NC design that enabled analytical treatment and gave a general expression for the throughput in terms of decoding failure probabilities. We then analyzed NCed CC-and IR-HARQ in block Rayleigh fading channels. Based on the throughput expression for NCed HARQ, we also derived an expression for NCed ARQ. A simulator was developed and its results for i.i.d. block Rayleigh fading channels were shown with the analytical results, where we observed a perfect match. The SNR gains in the high and low throughput regimes are mainly due to the network coding and HARQ aspects, respectively. It was shown that retransmitting regular packets until successfully decoded by multiple users can be beneficial at low SNRs. We also observed that the throughput versus SNR curve steepened and shifted towards lower SNRs with increasing number of users that can be interpreted as form of multiuser diversity gain. We also note that the SNR gains are possible to translate into fair power/energy, reductions. In the future, we will look for ways to more efficiently use all received/overheard information, consider non-equal mean SNRs, investigate delay aspects, and common modulation formats.
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APPENDIX

Derivation of (8):
Equation (8) 
Derivation of (11): We simplify (11) as follows
Derivation of (19): Equation (19) is calculated as follows, 
where I v (..) is the modified Bessel function of the first kind of order v, the integration and summation order is changed, and we used (2.1) [25] , to determine the double integral. Derivation of (24): We calculate the infinite sum of γ j+k+1 functions as
